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The Fibonacci sequence, denoted by {F n } n > q, is usually defined as the second order 
recurrence relation 


F n +2 — F n+ \ + F n , Fq — 0, F] = 1. (1) 

Its close companions, the Lucas numbers {h re }n> 0 i are dehned with the same re¬ 
currence formula but with the initial values Lq = 2 and L\ = 1. Equivalently, 
these sequences could be defined as the only solutions of the Diophantine equa¬ 
tion x 2 — 5 y 2 = 4(—l) n , x = L n , y = F n , n £ No- The most elementary identity 
encompassing both sequences is 

L n = F n _ i + F n+ \. (2) 

Two different proofs of the relation 

n 

Y J ‘Z k L k = 2 n+l F n+l (3) 

k= 0 

were published recently mm- It is also an immediate consequence of ([2]). We con¬ 
tinue the series proving two related Fibonacci-Lucas identities, again using relations 
(I2|) and (H|). 

Theorem 1. For the Fibonacci and Lucas sequence 

n 

J2(-l) k 2 n ~ k L k+1 = {-l) n F n+1 . (4) 

k= 0 

Proof. 

2 n Li _ 2 n- 1^ + 2 n-2 Ls _ . . . = 

= 2 n (U 0 + F 2 ) - 2 n_1 (Fi + F 3 ) + 2 n ~ 2 (F 2 + F 4 ) - ■ ■ ■ (-1 ) n (F n + F n+2 ) 

= 2 n (2F 0 + Fi) - 2 n -\2F 1 + F 2 ) + 2 n ~ 2 (2F 2 + F 3 ) - ■ ■ ■ (-l) n (2 F n + F n+1 ) 

= {2 n F 1 - 2 n F 1 ) + (—2 n ~ 1 F 2 + 2 n ~ l F 2 ) + (2 n ~ 2 F 3 - 2 n ~ 2 F 3 ) + ■■■ (-l) n F n+1 

= (—l) n F n _|_i 

□ 

Theorem [2] is proved in the same fashion. It provides the answer whether there 
is an identity involving the product 3 n L n . Furher generalizations are also possible. 

Theorem 2. For the Fibonacci and Lucas sequence 

n 

Y J Z k {L k FF k+1 ) = ?, n+1 F n+1 . 

fc=0 


( 5 ) 


References 

[1] H. Kwong, An Alternate Proof of Sury’s Fibonacci-Lucas Relation Amer. Math. 
Monthly 6 (2014) 514-514. 

[2] B. Sury, A Polynomial Parent to a Fibonacci-Lucas Relation Amer. Math. 
Monthly 3 (2014) 236-236. 


2 



